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Abstract 

Over the years, (G'/G)-expansion method is employed to generate traveling wave 
solutions to various wave equations in mathematical physics. In the present paper, 
the alternative (GVG)-expansion method has been further modified by introducing 
the generalized Riccati equation to construct new exact solutions. In order to 
illustrate the novelty and advantages of this approach, the (1+1)-dimensional 
Drinfel'd-Sokolov-Wilson (DSW) equation is considered and abundant new exact 
traveling wave solutions are obtained in a uniform way. These solutions may be 
imperative and significant for the explanation of some practical physical phenomena. 
It is shown that the modified alternative (G/G)-expansion method an efficient and 
advance mathematical tool for solving nonlinear partial differential equations in 
mathematical physics. 
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Introduction 

After the observation of soliton phenomena by John Scott Russell in 1834 (Wazwaz 
2009) and since the KdV equation was solved by Gardner et al. (1967) by inverse scat- 
tering method, finding exact solutions of nonlinear evolution equations (NLEEs) has 
turned out to be one of the most exciting and particularly active areas of research. The 
appearance of solitary wave solutions in nature is quite common. Bell-shaped sech- 
solutions and kink-shaped tanh-solutions model wave phenomena in elastic media, 
plasmas, solid state physics, condensed matter physics, electrical circuits, optical fibers, 
chemical kinematics, fluids, bio-genetics etc. The traveling wave solutions of the KdV 
equation and the Boussinesq equation which describe water waves are well-known ex- 
amples. Apart from their physical relevance, the closed-form solutions of NLEEs if 
available facilitate the numerical solvers in comparison, and aids in the stability ana- 
lysis. In soliton theory, there are several techniques to deal with the problems of soli- 
tary wave solutions for NLEEs, such as, Hirota's bilinear transformation (Hirota 1971), 
Backlund transformation (Rogers & Shadwick 1982), improved homotopy perturbation 
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(Jafari & Aminataei 2010), Darboux transformation (Zhaqilao 2010), tanh-function 
(Malfliet 1992), homogeneous balance (Wang 1996), Jacobi elliptic function (Liu et al. 
2001; Ali 2011), F-expansion (Zhou et al. 2003) and Exp-function (He & Wu 2006; 
Abdou et al. 2007; Akbar & Ali 2011; Naher et al. 2012). It is to be highlighted that 
Marinca and Herisanu (2011) applied a new approach for calculating a kind of explicit 
exact solution of nonlinear differential equations and in the simiar context obtained 
exact solutions of the Duffing and double-well Duffing equations. They implemented 
the new proposed procedure by using a quotient trigonometric function expansion 
method and also proved that the introduced method could be easily applied to solve 
other nonlinear differential equations. 

Recently, Wang et al. (2008) established a widely used direct and concise method 
called the (GVG)-expansion method for obtaining the exact travelling wave solu- 
tions of NLEEs, where G(£) satisfies the second order linear ordinary differential 
equation (ODE) G" +A G' + ^G = 0, where A and ^ are arbitrary constants. Applica- 
tions of the (GVG)-expansion method can be found in the articles (Bekir 2008; 
Naher et al. 2011; Akbar et al. 2012; Kol & Tabi 2011; Zayed & Gepreel 2009; 
Zayed 2009a; Zhang et al. 2008a; Zhang et al. 2008b; Abazari 2010; Liu et al. 2010) 
for better understanding. 

In order to establish the effectiveness and reliability of the (GVG)-expansion method 
and to expand the possibility of its application, further research has been carried out by 
several researchers. For instance, Zhang et al. (2010) presented an improved (G7 
G)-expansion method to seek more general traveling wave solutions. Zayed (2009b) 
presented a new approach of the (G7G) -expansion method where G(£) satisfies the 
Jacobi elliptic equation [G'(<0] 2 = e-zG^iS) + eiG 2 (£) + eo, e-i, e\, eo are arbitrary constants, 
and obtained new exact solutions. Zayed (2011) again presented an alternative ap- 
proach of this method in which G(0 satisfies the Riccati equation G'(£) =A + B G 2 (£), 
where A and B are arbitrary constants. 

Still, substantial work has to be done in order for the (GVG)-expansion method to 
be well established, since every nonlinear equation has its own physically significant 
rich structure. For finding the new exact solutions of NLEEs, it is important to 
present various method and ansatz, but it seems to be more important how to obtain 
more new exact solutions to NLEEs under the known method and ansatz. In the 
present article, we further modify the alternative (G7G)-expansion method (presented by 
Zayed (2011)) by introducing the generalized Riccati equation mapping, its twenty seven 
solutions and constructed abundant new traveling wave solutions of the DSW equation. 



The method 

Suppose the general nonlinear partial differential equation, 

P{u 1 u t: u Xl u t t 1 u tXl u xx , ■■■) = () (1) 

where u=u{x,t) is an unknown function, P is a polynomial in u{x,t) and its partial 
derivatives in which the highest order partial derivatives and the nonlinear terms 
are involved. The main steps of the modified alternative (GVG)-expansion method 
combined with the generalized Riccati equation mapping are as follows: 
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Step 1: The travelling wave variable ansatz 
u(x,t) = u(£), £ = x-Vt 



(2) 



where V is the speed of the traveling wave, permits us to transform the Equation (1) 
into an ODE: 



Q(u, 



0 



(3) 



where the superscripts stands for the ordinary derivatives with respect to £. 
Step 2: Suppose the traveling wave solution of Equation (3) can be expressed by a 
polynomial in {GIG) as follows: 



«=o 



where G7G(£) satisfies the generalized Riccati equation, 
G = r + pG + qG 2 , 



(4) 



(5) 



where a„ (n = 0, 1, 2, ■ ■•, m), r, p and q are arbitrary constants to be determined 
later. 

The generalized Riccati Equation (5) has twenty seven solutions (Zhu, 2008) as 
follows: 

Family 1: When p 2 - 4 q r < 0 and pq*0 (or r q*0), the solutions of Equation (5) are, 



Gi 



1 

1q 



-p + \j4qr-p 2 tan (- y ^qr-p 2 ^ 



1 

2q 



\J Aqr-p 2 cot f - \J 4qr-p 2 £, 



G 3 = ~ [~p+ \/ 4 q r-p 2 (^tan^ 4? qr-p 2 ^ ± sec^y/iqr-p 2 ^ J . 



G 5 



j- [p + \/4:qr-p 2 ^cot^4:qr-p 2 ^ ± csc^y^r-j? 2 ^ > 



2^ 



1 

4q 



-2p+ y \qr-p 2 { tanf - y 1 4qr-p 2 i\ - cotf - y \qr-p 2 £, 



2q 



-P- 



(A 2 -B 2 ) (Aq r-p 2 )-A^4q r-p 2 cos ( y^ # r-p 2 ^j 



A sin 



B 



G 7 



2q 



(A 2 -B 2 ) (Aqr-p 2 ) + A y %qr-p 2 cos^iqr-p 2 ^ 



A sin 



B 



where A and 5 are two non-zero real constants and satisfies the condition A 2 - B 2 > 0. 
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-2 r cos \J Aqr-p 2 ^ ^ 



\J^q r-p 2 sin {^\f^q r-p 2 ^j + pcos(^ \J 4qr-p 2 S}j 



2rsin 






-p sin 




+ (4qr-p 2 ) cos 


[y^qr-p 2 ^ 



2r cosl \J^qr-p 2 £, 



y/ {Aqr-p 2 ) ! 



sin \/4(?r- 



+ p cos ( y/^qr-p 2 ^ ) ± a/ (4gr-j? 2 ) 



2rsinl iV Qqr-p 2 ^ 



-psin^^qr-p 2 ^ + a/ (Aqr-p 2 ) cos ^ '4 qr-p 2 ^j ± ^/ (4qr-p 2 ) 
4r sin^i \/4qr-^ 2 ^ cos^ y^r-p 2 ^ 

G12 — ^ 7 "ZZZZZZZZZ 7 \ ■ 

-2psinU ^/4qr-p 2 £ J cosl\^/4:qr-p 2 (J + 2\/(4<?r-p 2 ) cos 2 (| \/4 1? r-/? 2 .M - ,/(4 g r-/7 2 ) 
Family 2: When p 2 - 4 q r>0 and j?<7*0 (or r q*0), the solutions of Equation (5) are, 



1 

2q 



p + y/ /? 2 -4grtanhf- \j p 2 -4:qrt; 



p + \J p 2 -4qr coth (- \J p 2 -4qrt; 



Gis = -— \p + \J p 2 -4?qr(^ tanh^\/ p 2 -4qr£^j ± isech(^\Jp 2 -4qr£, 
Gi6 = - — \p + \J p 2 -4qr{^ coth^A/ p 2 -<±qr(^ ± csc/?^\/ p 2 -4qr£, 



1 

4<7 



2p + \/ p 2 -4qr( tanhf- \j p 2 -4?qr(; j + cothf- \/ p 2 -4?qrt; 



?18 



2^ 



-/> + 



2<j 



^(A 2 +B 2 ) {p 2 -4qr 


)-A T v //' 2 -4^ , rcosh 


(v> 2 -4 ? r<f) 


A sinh 




\J (B 2 -A 2 ) (p 2 -4:qr) + A ^p 2 -4qr cosh(^ 




A sinh( 


^ 2 -4 ? r£) + B 
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G 



G 



where A and B are two non-zero real constants and satisfies the condition 
B 2 -A 2 >0. 

2 r cosh f A yj p 2 -4:qr£, ^ 
y/ p 2 -4 q r sinh y / p 2 -Aqr^j -/>cosh^ • s /p 2 -Aqr^j 

2 r sinh • s /p 1 -Aqr£, ^ 



\J p 2 -4?qr cosh \J p 2 -^qr^ ^ -p sinh ^ • s /p 2 -^qr^ 
2rcosh(^^/p 2 -4:qr^j 



G, 



p 2 -4qr sinhy^/p 2 -Qq r£j -p cosh^y/ £> 2 -4gT(f j ± i\fp 2 -^qi 
2r sinh ^ p 2 -4?qr£ S J 



-psmhyy / p 2 -4 : qr^j + ^/p 2 -4:qr coshy^ p 2 -4 qr^j ± ^/ p 2 -iqr 

4r sinh^i \J p 2 -4:qrt^j cosh^i \J p 2 -<\qrE^ 
2/? sinh I | ^p 2 -4qrl; J coshfA \Jp 2 -4:qr£, J + 2*Jp 2 -iqr cosh 2 1 1 ^ p 2 -4qrl; J -^p 2 -4qr 



Family 3: When r=0 and pq*Q, the solutions of Equation (5) are, 



G 



25 



G; 



26 



cosh(j?f)- sinhQcf)] ' 

p [ cosh(p£) + sinh(p£)] 
+ cosh(pf) + sinh(pf)] 



where d is an arbitrary constant. 
Family 4: When g^O and r=p=0, the solution of Equation (5) is, 

G27 



where C\ is an arbitrary constant. 

Step 3: To determine the positive integer m, substitute Equation (4) along with 

Equation (5) into Equation (3) and then consider homogeneous balance between 
the highest order derivatives and the nonlinear terms appearing in Equation (3). 

Step 4: Substituting Equation (4) along with Equation (5) into Equation (3) together 
with the value of m obtained in step 3, we obtain polynomials in G and G~ l 
(i = 0, 1, 2, 3 ■ ■ ■) and vanishing each coefficient of the resulted polynomial to zero, 
yields a set of algebraic equations for a„ p, q, r and V. 

Step 5: Suppose the value of the constants a n p, q, r and Vcan be determined by solving 
the set of algebraic equations obtained in step 4. Since the general solutions of 
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Equation (5) are known, substituting, a„p, q, r and V into Equation (4), we obtain 
new exact traveling wave solutions of the nonlinear evolution Equation (1). 

Some new traveling wave solutions of the DSW equation 

In this section, the modified alternative (GVG)-expansion method is employed to con- 
struct some new traveling wave solutions of the (l+l)-dimensional Drinfel'd-Sokolov- 
Wilson (DSW) equation which is very important nonlinear evolution equation in 
mathematical physics and engineering and have been paid attention by many re- 
searchers. Some exact solutions of the DSW equation were found in the literature. In 
general, the solutions of the DSW equation have been obtained by means of an ansatz 
method. Included in the methods are the elliptic-function (Chen & Zhang 2003; Liu 
et al. 2005), Exp-function (He et al. 2010), Darboux transformation (Guo & Wu 2010), 
improved F-expansion (Zha & Zhi 2008), Variational iteration (Zhang 2011) and 
Adomian's decomposition (Inc 2006). It is to be highlighted that Marinca et. al. (2011) 
presented quotient trigonometric function expansion method to find explicit and exact 
solutions to cubic Duffing and double-well Duffing equations. Moreover, a detailed 
study is made by Yang (2012) on local fractional differential equations and its Applica- 
tions, Local Fractional Functional Analysis and its Applications along with local frac- 
tional variation iteration and local fractional Fourier series methods. He (2012) has also 
given a comprehensive analysis of Asymptotic methods for solitary solutions and 
compactons. Inspired and motivated by the ongoing research in this area, we apply the 
modified alternative (GVG)-expansion method for searching its new solitary wave solu- 
tions. Let us consider the DSW equation: 

2 v xxx + 2 u v x + u x v-v t = 0 (6) 

3vv x -u t = 0. (7) 
Now, we use the wave transformation Equation (2) into Equations (6) and (7), which yield: 

2v"' +2uv' + vu + Vv = 0, (8) 

3vv +Vu =0. (9) 

According to step 3, the solution of Equations (8) and (9) can be expressed by a 
polynomial in (G7G) as follows: 

u(Q = a 0 + «i ( ^ j + a 2 (~ j + ■ ■ ■ + a m ( ~ J , a m *Q (10) 



G\ , /G\ 2 , (G 



and 

v(C)=bo + b 1 \^j+b 2 \^j +-+bn{^J K*Q (11) 

where a b (i = 0, 1, 2, m) and bp (/' = 0, 1, 2, • • ■,«) all are constants to be determined and 
G7G(£) satisfies the generalized Riccati Equation (5). Considering the homogeneous 
balance between the highest order derivatives and the nonlinear terms in Equations (8) 
and (9), we obtain m=2 and «=1. 
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Therefore, solution Equations (10) and (11) take the form respectively 
u(C) = «o + 0i \jj J + «2 ( *|r J , «2*0 (12) 



v(Q=b 0 + b 1 fty\,b 1 *O (13) 

By means of Equation (5), Equations (12) and (13) can be rewritten respectively as, 
U (Q = a Q + Ul (p + rG- 1 + qG) + a 2 (p + rG- 1 + qG) 2 (14) 

and 

v{Z) = b 0 + b 1 (p + rG- 1 + qG). (15) 

Substituting Equations (14) and (15) into Equations (8) and (9), the left hand sides of 
these equations are converted into polynomials in G l and G',{i = 0,1,2,3, •••)• Setting 
each coefficient of these polynomials to zero, we obtain a set of simultaneous algebraic 
equations for a 0 , a lt a 2 , b 0 , bi, p, q, r and Vz.& follows: 

24^ + 3«i&i + 2a 2 b 0 + I2a 2 b x p = 0, 2a 2 V +3b\ = 0, a 2 bi + 3b x = 0, 
a\bo + 6a\b\p + Vb\ + ^a 2 bop + \6b\qr + 2« 0 ^i + 8a 2 biqr + Yla 2 b\p L + l^bip 2 = 0, 

3a\b\ rq + 4a 2 b\p 3 + V ' b\p + 3a.\b\p 2 + 2a 2 bop 2 + 2a.ob\p + 2b±p 3 + a\b^p 
+2a 2 borq+ 16bipqr+ Y2a 2 pqr = 0, 

Vb\p + aybop + 2aobip + \2a 2 b\pqr + 4a 2 bip 3 + 3aibip 2 + 2b\p 3 + 2a 2 bop 2 
+2a 2 borq + 3a\b\qr + \db\pqr = 0, 

«i&o + 8a 2 b\rq + 6«i b\p + \4b\p 2 + 4a 2 bop + 16^!^ + Yla 2 bip 2 + 2a 0 bi + Vb\ = 0, 
3«i£?i + 2AbxP + 2a 2 b 0 + \2a 2 b x p = 0, V ' a x + Aa 2 Vp + 3b a b x + 6b\ p = 0, 

(16) 

3 b 0 bip + 3b\r q + 3 b\p 2 + a 1 pV + 2 a 2 p 2 V + 2a 2 rqV 



= 0, 3b 0 b 1 +4a 2 pV + 6b z 1 p + a 1 V = 0, 
Sbofap + 3b\p 2 + aipV + 2a 2 p 2 V + 3b\qr + 2a 2 qrV = 0. 



Solving the over-determined set of algebraic equations by using the symbolic compu- 
tation software, such as, Maple, we obtain 

p 2 b 2 11 
a 2 = -3, a!=3p, a 0 = - — -~+ 4>qr, h = b u b 0 = --b 1 p, V = -b\ (17) 

where b lt p, q and r are arbitrary constants. 

Now on the basis of the solutions of Equation (5), we obtain some new types of solutions 
of Equations (6) and (7). 



Akbar ef al, SpringerPlus 2013, 2:327 
http://www.springerplus.eom/content/2/1/327 



Page 8 of 16 



Family 1 

When p 1 
and (7) are: 



When p 2 - 4 q r < 0 and pq*0 (or r q*0), the periodic form solutions of Equations (6) 



p 1 b\ ( 2A 2 sec 2 (A£) \ / 2A 2 sec 2 (A£) V 

Ml = -4-4 +4 ^ + ^U + 2Atan(A0j" 3 U+2Atan(A0j 



1 , , / 2A 2 sec 2 (An \ 
v\ = --rbip + 0\ 



2 ^ \-p + 2Atan{AQJ' 
where A = \ \/4qr-p 2 , £ = x- \b\ t and b lt p, q, r are arbitrary constants. 



p 2 b\ A „ / 2A 2 csc 2 (A«f) \ / 2A 2 csc 2 (AO V 
12 = ~ J " 4 + 4 ^ ^ U + 2 A cot( A 0 J " 3 U + 2 A cot( A Q ) 



1, / 2A 2 csc 2 (A£) \ 

V2 = - 2 b ^ ^ + 2 Acot(Af)> 



/ 6 2 / 4A 2 sec(2A«f)(l± sin(2A0) 

u 3 = 1 -+4qr+3p l 



4 4 1 ^ V-^cos(2Af) + 2Asin(2A^)±2A 

4A 2 sec(2A£)(l± sin(2A<f)) 
-j?cos(2 A£) + 24 sin(2A£) ± 2 A 



1 ( 4A 2 sec(2A£)(l± sin(2A£)) 

v 3 - - ^ iP + i \ v _ /?cos (2A0 + 2Asin(2A^) ±2A 



„ 4 = -^-*WV 4A 2 csc(2A0(l±cos(2A0) 



4 4 2 ^ V/>sin(2A£) + 2Acos(2A£)±2A 
4A 2 csc(2A£)(l± cos(2A£)) 



sin(2A£) + 2Acos(2A<f) ±2 A/ ' 



1 / 4A 2 csc(2A^)(l± cos(2A0) \ 

V4__ 2 1 ^sin(2A0 + 2Acos(2A^)±2Aj' 

Us = _PtA + Hr ^ p ( 2A 2 csc(A0 ^ ^ 2A 2 csc(A0 



4 4^ ^ V^s in ( A 0 + 2Acos(A0/ \j? sin ( A 0 + 2Acos(Af)/ ' 
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4A A 2 | VA 2 -B 2 cos(2 A Q-B sin(2 A f ) -A \ {A sin(2 A f) + B} 

U 6 = -"ip | r- 

JA 2 cos 2 (2 A f) -A 2 -B 2 -2AB sin(2 A <f ) } \pA sin(2 A f ) + 2AA cos(2 A <f ) + pB-2AVA 2 -B 2 \ 
4 A A 2 { VA 2 -B 2 cos(2 A f) -B sin(2 A f) -A } {A sin(2 A f ) + B} ^ 
{A 2 cos 2 (2 AQ-A 2 0-B 2 -2AB sin(2 Af)} jpA sin(2 Af) + 2A4 cos(2 Af) + pB-2A VX 2 -!?} j 

p 2 b\ 



+ 4or, 
4 4 * ' 



"6 = -^V" 



4A A 



VA 2 -B 2 cos(2 Af ) -B sin(2 Af )-A } {A sin(2 A f) + B} > 
1 y{A 2 cos 2 (2 A f ) -A 2 -B 2 -2 AB sin(2 A f ) } |/pA sin(2 A f ) + 2AA cos(2Af) + /?B-2A\/A 2 -B 2 }y 



4A A 2 { \lA 2 -B 2 cos(2 A f ) + Bsin(2 Af) + A }{A sin(2Af) +B} \ 

"7 = -3p I f r 

{A 2 cos 2 (2 A 0 -A 2 -B 2 -2 AB sin(2 A Q } I p A sin(2 A f ) -2AA cos(2 A f ) + pB-2Av'A 2 -B 2 f- y 

4AA 2 {Va 2 -B 2 cos(2Af) +Bsin(2Af) + A }{A sin(2 Af) + B} \ 2 

{A 2 cos 2 (2 A f) -A 2 -B 2 -2AB sin(2 A f )} |/>A sin(2 A f ) -2AA cos(2 A f ) + pB-2Av / A 2 -B 2 } y 

-- - + iqr, 

4 4 * ' 

4AA 2 {Va 2 -B 2 cos(2Af) + Bsin(2Af) + A }{A sin(2 Af) +B} > 
1 y {A 2 cos 2 (2 A f ) -A 2 -B 2 -2 AB sin(2 A f ) } | pA sin(2 A f ) -2AA cos(2 A f ) + pB-2AVA 2 ~B 2 } j 



v 1 = --bip-bi 



where A and B are two non-zero real constants satisfies the condition A - B 2 > 0. 

p 2 b\ „ / 2A 2 sec(A£){pcos(A£) + 2Asin(Af)} 

- + 4?qr-3p 



4 4 ' " 2- \2(p 2 -2rq) cos 2 (Ac;) + 4A j psin(2l<f) cos(A£) + 4A 2 

24 2 sec(Af){/?cos(A<f) + 2Asin(A<f)} 
2(p 2 -2rq) cos 2 (A£) + 4A/>sin(A<f) cos(Ac:) +4A 2 

1 / 2A 2 sec(A«f){/?cos(A«f) + 2Asin(A0} 

2 1 V2 05> 2 -2r^) cos 2 (Af) + 44^sin(Af)cos(A^) +4A 2 y 



Mg = .Pi _ *1 + 4 ^ r + 3j? f 2 A 2 csc(A£){p sin( A 0 -2 Acos(A<f)} 



4 4 2 ^ \2(p 2 -2rq) cos 2 (Af) + 4A j psin(Af) cos(Af)-^ 2 
24 2 csc( A f) {p sin( A f) -24 cos(A 0 } 



2{p 2 -2rq) cos 2 (A(f) + 4?Ap sin(A<f) cos(Af)-p ; 



1, , / 2A 2 csc(A«f){/7sin(A£)-2Acos(A<f)} 
V9 = ~-b\p + b\ 



2 r \2(p 2 -2rq) cos 2 (A£) + 4A^sin(A£) cos(A£)-/>V ' 



p 2 i> 2 /2A 2 sec(2Af){l± sin(2A£)}{pcos(2Af) + 2Asin(2A£) ± 2A} 



K 10 = -_-_ + 4 ? r-3/» 



V (p 2 -2rq) cos 2 (2A£) + 2A{1± sin(2Af)}{2A ±^cos(2A,f)} 



-3 



/22i 2 sec(2Af) {1 ± sin(2A?)}{pcos(2Af) + 2A sin(2A£) ± 2A} 
V (p 2 -Irq) cos 2 (2 A £) + 2 A { 1 ± sin(2A£)}{2A ±j?cos(2A£)} 



v _ & /22l 2 sec(2A0{l± sin(2A0}{j?cos(2A0 +2Asin(2A^)±2A} N 

Vl0 ~~2 lP ~ 1 V (p 2 -2rq) cos 2 (2A£) +2A{1± sin(2A£)}{22l ± j?cos(2A£)} , 
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p 2 b\ /2A 2 csc(2A«f){-j?sin(2Af) + 2Acos(2A£)±2A} x 

Uu ~ "T~ T + 4?r P \ {2rq-p 2 ) cos(2A£)-2/>Asin(2A£) ± 2 9 r , 



-3 



2 A 2 csc(2A£){-j??sin(2A<f) + 2Acos(2A£) ±2A} 
(2rq-p 2 ) cos(2A£)-2/>Asin(2A£) ± 2 ? r 



1, , /2A 2 csc(2Af){-^sin(2A0 + 2Acos(2A0±2A} 



2 y \ {2rq-p 2 )cos{2AQ-2pAsin{2AZ)±2qr 



p 2 bj ( 2A 2 csc(A0{^sin(A<f)-2Acos(A£)} 



Uu = — - + 4?qr + 3p 



4 4 \2(p 2 -2rq) cos 2 (A£) + 4A/>sin(A£) cos(A£)-/7 2 

2 A 2 csc( A Q {p sin( A f) -2 A cos( A £) } 



2(p 2 -2rq) cos 2 (A(f) + 4A/?sin(A£) cos(A^)-^ 



1 / 2A 2 csc(A<f){^sin(A<f)-2Acos(A.f)} 

V12--2 + 1 ^2(j? 2 -2r ? ) cos 2 (Af) + 4A j psin(A0cos(A0-^ 2 



Family 2 

When p 2 - 4 <7 r > 0 and pq*0 (or rq*0), the soliton and soliton-like solutions of 
Equations (6) and (7) are: 

p 2 b 2 ( 2Q. 2 sech 2 (Q.Q \ ( 2 Cl 2 seek 2 (H «f) \" 



4 4 ^ ^ \j> + 2D.tanh(D.QJ \p + 2ntanh(0£)/ ' 
1 , , / 2n 2 sec/z 2 (O0 \ 

n3 = - 2 V + ^^ + 2atanh(n0 J, 

where O = | \/p 2 -4qr, £ = x-\b\t and 6 1( <7, r are arbitrary constants. 

^!_^i + 4 f 2n 2 csc/ ? 2 (nQ \ / 2a 2 csc/ ? 2 (aQ \ 2 

"4 4 q P [p + 2Acoth(ClQ) \/» + 2Acoth(Q0y ' 



Ml4 



i , , / 2n 2 csc/z 2 (na \ 
v 14 = -^irt^ + 2Acoth(o0 J 



» 2 o? / 4f2 2 sec/2(2fin(l+isinh(2O0) 

Mis = L + 4g-r+3^' 



-3 



4 4 J ^ \pcosh(2Q.Q + 2Asinh(20£) ± i2D. 
4H 2 sec/j(2 O 0 ( 1+*' sinh(2 n £ ) ) 



cosh(20^) + 2Asinh(2a^)±«2ay ' 



1, , / 40 2 sec/j(2na(l+isinh(2na) 
vis = --b lP +h 1 



2 r \j7cosh(2nf) + 2Asinh(2a^)±/2a 
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p 2 b 2 ( 40 2 csc/z(20n(l± cosh(200) 

w 16 = - I ---^- + 4qr-3p' 



4 4 1 * V/?sinh(2n£) + 2n C osh(2A£)±2n 
4n 2 csc/z(2nf)(l ± cosh(2n<f)) 



_3 

\^sinh(2n£) + 2a C osh(2A<f) ± 20 

1 / 4n 2 csdz(2n£)(l± cosh(2£20) 

Vl6 ~~2 lP ~ 1 V/?sinh(20f) + 2£lcosh(2A£) ± 2 CI 

p 2 b 2 ( a 2 sec/z 2 (n£/2) 

«17 = -^-^r + 4?r-3j!J l 



4 4 ' " a " y2{cosh 2 (£l^/2)-l}{/? + n(tanh(af/2)+ coth(0£/2))} 
O 2 sedz 2 (n£/2) 



-3 

v 2{cosh 2 (af/2)-l}{^ + a(tanh(af/2) + coth(n<f/2))} 



1, , / CI 2 seek 2 (CI H 2) 

V 17 = --b 1 p-b 1 -y— ^ 



2 r l2{cosh 2 (af/2)-l}{^ + n(tanh(Of/2)+ coth(0^/2)) W ' 
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Figure 3 Solitons corresponding to solutions u 13 and v 13 for p=3, q=2, r=1 and b,=1. 



4AH 2 


Ot-B sinh(2 a f ) - v*A 2 + B 2 cosh(2 H f 




(Asin(2nf)+B) 


^>A sinh(2 n f) + p.B-2 £1 \f A 2 + B 2 + 2 A H cosh(2 H f) j 



4A a 2 (a-B sinh(2 a f ) - V 'a 2 + f> 2 cosh(2 a f) ) 
(Asin(20f) + £) (pAsinh(2nf) + pB-2H\A 2 + B 2 + 2Aflcosh(2nf) 



n& = -^bip-bi 



4AD. 2 


0l-.8sinh(2n£)-\A 2 + B 2 cosh(2nf)^ 




(Asin(2ClQ+B) 


^pA sinh(2 CI f ) + p.B-2 H \A 2 + _B 2 + 2 A D cosh(2 Qf)j 



4Arf 


^A-Bsinh(2nf) + \/ A 2 + B 2 cosh(2Hf)^ 




(A sin(2£2f) +B) 


^Asinh(2nO + pB + 2n v / A 2 + ,B 2 + 2Ancosh(2nf)j 



4A£1 2 (A-_Bsinh(20f) + \/ A 2 + B 2 cosh(2 H f )^ 
(A sin(2 D.Q+B) (pA sinh(2 O f ) + pB + 2 Q. \J A 2 + B 2 + 2AO cosh(2 n f ) 
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1 



4AQ 2 (a-B sinh(2Q,() + \/A 2 + B 2 cosh(2af)l 



Vi9 = — bip-bi . 

\[A sin(2 Cl f ) + B) (pA sinh(2 Q.Q+pB + 2Cl \/A 2 + B 2 + 2AQ. cosh(2 Cl £) J 



where A and B are two non-zero real constants and satisfies the condition B -A > 0. 



_p 2 _b\ ( 2n 2 sec/z(a«f) 

" 20 ~~T~T + qr ~ P \2D. sinh(0 f) -/> cosh(n f) 



2D, 2 sech(DQ 



2 D sinh(0 <f )-p cosh(D £) 7 ' 



1 / 20 2 sec/z(n£) 

v 2 o - - ^ i l v 2nsinh(a^)-i?cosh(fif) J ' 



/? 2 £ 2 / 20 2 csc/2(Of) 



2D 2 csdz(ft£) 



2 D cosh(H £) sinh(a £ ) 



i / 2a 2 csc/z(a^) 

V2i-~2 + i l v 2Ocosh(a0-j?sinh(nf) 



/7 2 b\ ( 4a 2 sec/2(20f)(l+i'sinh(2n^)) 

- -"£—4+ 4 ^ r + 3 ^ \ i , cos h(2n^)-2asinh(2no+i'2n 



40 2 sec/z(20f)(l+isinh(2n^)) 
cosh(2 DQ-2D sinh(2 O £)+i2D) ' 
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1, , / 4n 2 sec/z(2nO(l+/sinh(2nO) 



2 ^ \Bcosh(2O0-2Osinh(2n0+i2a, 



p 2 b\ ( 40 2 csc/z(2an(l± cosh(2nn) 

"23 = -^--A + 4?r+3/>' 



4 4 J ^ V 2ncos M 2n 0-i? sinh ( 2 ^0 ± 2 ^ 

40 2 csc/2(2nf)(l± cosh(2n£)) 
2ncosh(2O0-^sinh(2a^) ±2D. 



1, , / 40 2 csc/z(2nn(l ± cosh(2O0) 
v 23 = ~-b 1 p+b 1 1 



20cosh(2nf)-^sinh(2nf) ± 2 a 



/ 6 2 / 2Q. 2 csch(Q.O 

U24 = - 1 ---^-+4:qr+3p l 



4 4 J ^ V 2 ^ cosh (^0-/' sinh (^f) 

2a 2 csc/z(a^) 

2 a cosh( O £) sinh( n <f ) 



i, , / 2a 2 csc/z(aa 

V 2 4 = Oi 



2 r \2Q.cosh{D,Q-psmh{£lQ 



Family 3 

When r=0 and pq*0, the solutions of Equations (6) and (7) are: 



r 2 ^2 

"25 



^l_^i + 4 / j?(cosh(p£)-sinh(K)) \ 
4 4 9 + cosh(pO-sinh(pO/ 



-3 



j?( cosh(/?£)- sinh(j?£)) V 
<i + cosh(p£)- sinh(p<f)/ 



1 t , , t, /^(cosh(p^)-sinh(/?0)^ 
v 25 = - ^ V + *i (^ +cosh(K) _ sinh(K) J > 



P 2 b\ A n ( pd 
M26 = " 4 " 4 + 4 * r + 3P U + coshCK) + sinh(K) 



d + cosh(/?£) + sinhQ?£)y 



1 , , Z' 
V26 = --zfap + bi 



2 r \d + cosh(>0 + sinh(><f) 
Family 4 

When (7*0 and r=p=0, the solutions of Equations (6) and (7) are: 
P 1 b l , A i ( % \ of 1 



un = — + 4:qr-3p — -3 



^27 = -.bxp-bi 



2 + 



,4 4 / iqt + cj V^^ + Ci 



where c 1 is an arbitrary constant. 
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Because of the arbitrariness of the parameters b\, p, q and r in the above families of solu- 
tion, the physical quantities u and v might possess physically significant rich structures. 

Graphical presentation 

Graph is a powerful tool for communication and describes lucidly the solutions of the 
problems. Therefore, some graphs of the solutions are given below. The graphs readily 
have shown the solitary wave form of the solutions (Figures 1, 2, 3, 4 and 5). 

Conclusion 

In this article, the alternative (GIG) -expansion method has been modified by introdu- 
cing the generalized Riccati equation mapping and obtain abundant exact traveling 
wave solutions of the (l+l)-dimensional DSW equation with the help of symbolic com- 
putation. It is important to point out that the obtained solutions have not been 
reported in the previous literature. The new type of traveling wave solutions found in 
this article might have significant impact on future research. We assured the correct- 
ness of our solutions by putting them back into the original Equations (6) and (7). This 
article is only an imploring work and we look forward the modified alternative (G/G)- 
expansion method may be applicable to other kinds of NLEEs in mathematical physics. 
The extension of the method proposed in this paper to solve NLEEs with variable coef- 
ficients deserves further investigations. 
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